We present here striking evidences of the influence of instantons in the deep IR part of pure Yang-Mills gluon Green functions in the Landau gauge. We will propose a modified instanton field based on the Diakonov and Petrov variational method, whose accurate fit to our lattice results allows to gain information about the parameters of the Instanton liquid model (ILM).
Evidences for instanton effects in
Landau gauge lattice green functions. 
Introduction
Confinement is a most challenging open problem in the strong interaction sector. It is a fundamental phenomenon which, nobody doubts, should follow from the QCD lagrangian, although this has not yet been really demonstrated. Understanding its mechanism would not only definitively establish QCD as the theory of strong interactions but would enrich and deepen our knowledge of one of the most difficult and most successful theories in physics An appealing approach to analytically understand some of the non-perturbative features of QCD is the evaluation of quantum fluctuations around topologically non-trivial classical solutions through the expansion of the path integral around these solutions. In fact these considerations are often generalized to configurations which are not exact solutions of the field equations but close to them and which we will name quasi-classical field configurations.
Famous examples of non-trivial solutions of classical equations of motion are instantons [1, 2] . Quasi-classical solutions considered in instanton liquid models [3, 4] (See ref. [5] for a good review on the subject) provide a successful connection between the instanton zero modes and the QCD chiral symmetry breaking [5] . More recently, instanton model predictions for quark-quark interaction seem to agree with QCD lattice results in the non-perturbative regime much better than those from Schwinger-Dyson equations (SDE) [6] .
As a matter of fact, the methods like (ERG, SDE,. . . ) [7, 8] , which basically follow down the renormalisation group flow from the large momentum to the small momentum one, present the risk of missing non-perturbative contributions which are negligible at large momentum but may play a dominant role at low momentum. If instantons or any other quasi-classical solutions have a deep influence over low energy dynamics, it seems not so surprising that SDE methods cannot recover them. In general, a dominance of instanton-induced effects on the dynamics of the QCD light-quark sector seems to emerge.
Although instantons have been first considered as a possible explanation of confinement [9] , it is now generally accepted that they do not generate the area law for Wilson loops 2 . We have recently argued [10] that instantons, or instanton-like structures, have dramatic effects on the low momentum Green function in Yang-Mills theories and that they can explain the observed ∝ k 4 behaviour of the non-perturbative MOM strong coupling constant computed on the lattice.
Notice that this remark, not only advocates in favor of the presence of these quasi-classical structures in the lattice gauge configurations, but it also indicates that the quantum fluctuations do not contribute significantly to the Green functions in this momentum regime.
In the present paper we try a low momentum description of two-and threegluon Green functions through Instanton liquid model (ILM) and would like to further elaborate on these features: what can we learn about the typical profile of these instanton-like structures, about their radius distribution ? Why do quantum effects appear to be suppressed in this low momentum range ? Has this some connection with confinement ?
2 The QCD coupling constant: four regimes
We have presented in [10] a preliminary claim of instanton dominance at low energy, by analyzing in Landau gauge the following ratio of pure Yang-Mills Green functions:
which is a non-perturbative MOM definition of the coupling constant, where G (n) is the gluon n-point correlation function and
is the gluon propagator renormalization constant in MOM scheme 3 . In Fig. 1 we show on a log-log plot, that a roughly-k 4 power law is satisfied by the lattice evaluations of α s (k 2 ), eq. (1), up to 0.8-0.9 GeV, for three different lattices, strongly supporting a quasi-classical description [10] .
A very striking feature of results shown in Fig. 1 , obtained with a low statistics of 20 configurations, is that there is a sharp transition at ∼ 1GeV between two regimes: below this scale α s (k 2 ) does not seem to fluctuate much and follows a smooth curve already with this small statistics and they comply to an instantonlike picture (the roughly-k 4 power law), while above that scale the data suddenly deviate from the k 4 law and become much noisier: with the same statistics they do not show a smooth curve 4 . A tempting interpretation is that this statistical noise has to do with a strong influence of quantum fluctuations which increase suddenly above 1 GeV. We may understand this as follows: for a given profile and a given instanton radius, the ILM predicts no statistical fluctuation of the Green functions. The average over the instantons locations and their color orientation does not create any noise on Green functions which are translational and color rotation invariant. Only the dispersion (to be studied at length in this paper) of the instanton radius as well as varying effects of the neighbouring instantons produces some statistical noise. On the contrary the quantum contributions to Green function are generated by statistical fluctuations of the gauge fields around zero and Green functions appear as correlations in this statistical system.
Altogether we may distinguish four regimes:
• Above 2.6 GeV we have shown [16] that the lattice data were dominated by perturbative QCD with a significant non-perturbative correction describable via OPE by the expectation value of A 2 . This means clearly a dominance of quantum fluctuations with small corrections from the A 2 condensate which may be generated by the quasi-classical solutions. Indeed the quasi-classical solutions, being large structures, are seen by the hard propagating gluons as an effectively translational invariant background. It is then easy to show that their dominant effect is amenable to an OPE treatment of the lowest dimension operator: A 2 [17] .
• Between ∼ 0.4 and ∼ 0.9 GeV the quasi-classical contributions dominate and the quantum effects are strongly depressed. The low momentum k 4 behavior of α s (k 2 ) has been plotted for three different lattices ((5.6,24), (5.7,32), (5.8,24) ), using 20 configurations, on log-log plots. Notice that above ∼ 1 GeV, no smooth line can be easily drawn joining the lattice data.
• The 1 to 2.6 GeV region shows a strong quantum effect if only by the large statistical noise mentioned above. However, it is not at all describable in terms of perturbation theory. A description in terms of quantum fluctuations in a quasi-classical background should be tried. The latter background can no more be treated as simply as in the large momentum regime. Other non-perturbative effects may also play a role, for example related to confinement.
• The very low momentum region below ∼ 0.4 GeV is still "terra incognita" and, being of the order of 2π/L, (L being the lattice length) possibly strongly sensitive to finite volume artifacts.
A modified profile for the instanton-liquid model
In the following, we will try to describe the Green functions assuming that the relevant quasi-classical solutions are instanton liquids. Let us compute the quantity in eq. (1). We describe gluon fields in the low energy regime, a quasi-classical background dominance being assumed, as a superposition of instantons. In this framework, the gauge field in Landau gauge will be given by:
where z i (ρ i ) are the center (radius) of the instantons, η α µν is known as 't Hooft symbol, R a α (i) are color rotations embedding the canonical SU(2) instanton into the SU(3) gauge group, α = 1, 3 (a = 1, 8) is an SU(2) (SU(3)) color index, and the sum is extended over instantons and anti-instantons.
The classical solution for an isolated instanton is the standard BPST one, φ(ξ) = 1/(ξ 2 + 1) [1] . Nevertheless, the superposition (2) is not a solution of Yang-Mills equations (as they are not linear), and we will treat below of a parameterization of the profile function inspired by an approximated minimization of the action for a finite density of instantons 5 . The point here is that, just by assuming random color orientation and instanton position 6 , we obtain [10] :
where n stands for the instanton density, < · · · > denotes average over the instanton radius for a given radius distribution µ(ρ), normalized to 1, and where
J 2 being the second order Bessel J function. The factor g n for n-points Green functions in l.h.s. of eq. l.h.s. of eq. (3) comes from the factor g in the l.h.s. of eq. (2).
Then, from Eq. (1),
As a first approximation, if we consider all instantons to have the same radius, we obviously obtain: 5 The function φ in eq. (2) is related to the function P in eq. (6) of ref. [10] by the relation
and recover an exact k 4 -power law for any instanton profile. In (6) the influence of the profile will only appear as a sub-leading contribution, that will also depend on the instanton radius distribution (See section 5.), while in (3) the leading contributions to the Green functions depend on the profile and will therefore be used by us to gain some understanding about the instanton radial shape and radii.
The variational Diakonov & Petrov equation.
If the QCD vacuum can be understood as an instanton liquid of finite density (See [5] , for example), the BPST profile will no longer be valid (it is only a zero density limit) especially at large distance from the instanton center where the overlap of neighboring instantons become important. Being interested in the low momentum regime we cannot neglect these effects.
A possible method to include the effect of instanton interactions, is to study the profile that minimizes the action of the instanton ensemble. Such a procedure was used in [4] , where, through the Feynman variational principle, the equation
was obtained for the best profile, φ, eq. (6.7) in [4] . In the last term β(ρ) is just the usual renormalisation group β-function evaluated at the instanton radius scale and C N C is a factor multiplying the instanton liquid partition function basically defined by the functional determinants in eq. (2.19) of [4] . This last term explicitely violates the apparent scale invariance of (7) and is hard to compute as it involves a functional derivative with its functional determinants. It is argued in [4] (discussion before eq. (6.1)) that one can neglect this last term provided the scale is fixed, e.g. by explicitely writing the profile as a function of |x|/ρ, ρ defining the instanton size through the condition φ(1) = 1/2. The argument goes grossly as follows. The classical equations are exactly scale invariant, and eq. (7) without the last term is indeed scale invariant. Scale invariance is broken in QCD by the quantum effects via the appearance of Λ QCD . The last term in eq. (7) is related to quantum effects (determinants) and this is why it generates the scale invariance breaking. In the zero density limit it produces the standard perturbative radius dependent instanton density
It is furthermore assumed that it is the classical instanton 7 An extension of this formula to large radii will be given in eq. (22) .
interaction which dominates the large distance shape of the profile function. It is therefore legitimate, when interested in this behaviour, to neglect the details of this last term of eq. (7) provided we borrow from it a scale invariance breaking. This is done by a somehow arbitrary scale dependent constraint such as φ(1) = 1/2. The parameter α DP 8 of eq. (7) represents on the contrary an average classical effect of the other instantons. It does not break scale invariance but it does enforce a squeezing of the instantons and therefore control the large x behaviour of φ(x). The parameter α DP is related to the instanton density, n. For example, for all the instanton with same radii [4] 
In fact eq. (8) is not really confirmed by our lattice data as will be discussed later and we will not use it to determine α DP , but use eq. (7) to inspire a profile parametrisation incorporating background-interaction effects. The interesting limit of Eq. (7) is the one for |x| ≫ ρ (one should remember that ρ is put by hand through the size-fixing condition), where not only the scaleinvariance breaking term but the non linear on φ can be neglected because φ is expected to decrease at least as ρ 2 /x 2 . Then, eq. (7) becomes
which is a Bessel equation and we obtain
where K ν is the modified Bessel function of imaginary argument [19] . On the other hand, if α DP = 0, the BPST profile is recovered, corresponding to the n → 0 limit. For finite n the α 2 DP x 2 term becomes negligeable for x → 0 where we also recover the BPST profile. For the sake of a simpler notation, we omitted to write any explicit dependence on the scale α DP (being completely rigourous, we had to write φ DP (|x|/ρ, α DP ) and φ BPST (|x|/ρ) ≡ φ DP (|x|/ρ, 0) ).
A possible parameterization 9 of φ(x) inspired by (7), and incorporating these two limits, is:
which, although not being an exact solution of (7), satisfies both short and long distance limits. We will consider this in the following as our optimal choice for the profile function.
Green functions
The goal of this section is applying the parameterization in eq. (11) to fit our numerical results, obtaining thus ρ, α DP and the instanton density. We start by writing the gauge field as the addition of a classical part, B a µ (x), and a quantum one, Q B (x), that in general depends on the classical background:
then, for the two-point gluon Green function, we can write 10 :
or after Fourier transformation,
The working hypothesis we derive from the interpretation of fig. 1 , is that in a certain region of momenta, say below ∼ 1 GeV, quantum effects are strongly suppressed and only classical properties are seen. Of course, we introduce this hypothesis based on a phenomenological observation, but it is not unconceivable that an intrinsically non-perturbative phenomenon like confinement could cause the disappearance of quantum correlations below the confining scale.
Estimated corrections to the instanton liquid model
From our data we have been led to fit the bare Green functions to the r.h.s of eq. (3) in a range k min < k < k max without any correction. It is far from obvious that we can neglect either quantum corrections or lattice truncations of the quasiclassical model. This subsection is devoted to a justification of our choice which we present now, for the sake of clarity, at the price of having to anticipate on the results of some fits which will be detailed later. . The solid line is the best fit for the vertex with our profile parameterization, the density being required to be the same for both propagator and vertex, and the dotted is the best fit with a free density in the fit.
(i) The Green functions G (n) estimated from three different lattice spacings match reasonably to each other, after a mere rescaling to a common value for some k max of the order of 1 GeV (see Fig. 2 ). These matching coefficients are close to 1, approximately in the ratios 0.95 / 1.0/ 1.05 for β = 5.6, 5.7, 5.8.
(ii) It is difficult to know precisely what mechanism drives these matching coefficients slightly away from 1: quantum corrections, ultraviolet/infrared cutoffs on quasi-classical solutions. It is also impossible to know if these corrections are multiplicative, additive or of a more complex nature. The major lesson is that these corrections are small, and we decide for convenience to describe them by a multiplicative rescaling factor.
(iii) This factor is defined as
where a −1 is the regularization scale i.e. the inverse lattice spacing and G (m)
The factor β/6 ≡ 1/g 2 comes from the factor g 2 in eq. (3).
n being the instanton density, are plotted up to an unknown global constant in fig. 3 (a). G
(I) (k 2 ) is here the best fit to be discussed later. These plots show the good matching of different lattice spacings after a constant multiplicative rescaling has been performed (fig 3(b) shows the result of this rescaling). They show a wide parabola having its minimum around k = 0.65 GeV. This minimum is around 7 to 8 which corresponds to the order of magnitude of the instanton density we will derive (the other factors being close to 1).
One possible explanation of this parabolic behaviour is an expected increase of quantum corrections towards larger k and, towards lower k, a relative increase of the ratio due to the fast decrease of the denominator in eq. (15): for example the fast increase at low k might be due to additive quantum corrections which are only visible when the quasi-classical background is very small. Additive corrections are anyhow necessary at k = 0 since the lattice data are non vanishing while the denominator of eq. (15) is zero. Whether this non vanishing of the lattice propagator at k = 0 is a finite volume effect violating Zwanziger's theorem, [26] , will not be discussed in this paper since, as already mentioned, we restrain from discussing the finite-volume sensitive region below ∼ 0.4 GeV. (iv) If we stick to the momentum range plotted in fig. 3 (b) these ratios do not deviate from a constant by more than a few percent. We will therefore per-form our fits only in this range k min − k max 12 and approximate Γ (2) (k 2 , a −1 ) by a constant:
(v) Since from fig. 3 (a) the different Γ (2) (a −1 ) differ also by no more than a few percent we decide to take from now on all these Γ (2) (a −1 )'s as equal at the cost of an expected discrepancy between the fitted densities of a few percent. We take
where a −1 (5.6) is the inverse lattice spacing for β = 5.6.
(vi) We now wonder if the hypothesis eq. (17) can be extended to the coefficients Γ (3) (a −1 ). The small dependence on k and on a −1 can be seen, although with larger errors, in fig. 2(b) where the different lattice data seem to fit one common solid curve representing the model. The next question is the validity of the hypothesis
To test the hypothesis Γ (3) ∼ Γ (2) we look at fig. 4 . The vertical axis corresponds to the ratio Γ (3) (a −1 (5.6)/Γ (2) (a −1 (5.6)) or equivalently to n (3) /n (2) where we define n (m) ≡ nΓ (m) (a −1 (5.6)), n being the instanton density. The horizontal axis corresponds to the instanton radius ρ, supposed to be the same for all instantons. For that instanton radius a best fit of the bare Green functions is performed according to the formula:
with
given by eq. (3). The plot 4 shows for each ρ an agreement between different β's which is a surprise: it tells that the ratio
) is almost independent of the lattice spacing even though it does strongly depend on ρ. The dotted curve shows the χ 2 of the common fit to G (2) and G (3) . The smallest χ 2 corresponds to a ratio (vii) All the arguments up to now have shown an approximate equality to a few percent of all Γ (m) (a −1 )'s. We are left with an unknown global constant. The fact that these factors are so close to each other suggests that the corrections to the instantonic contribution (whatever their origin may be) are small. It is then natural to expect that these correction factors are also close to 1. This is confirmed by a result which will be detailed at the end of this paper via the following argument: if we initially take Γ (2,3) = 1, apply MOM renormalisation and then eq. (1), we obtain:
where the term above the curly bracket in the r.h.s. introduces a supposedto-be-sub-leading correction, depending on the regularization parameter, that we neglect in our analysis for the present work (and did the same in [10] ). Let us anticipate a little. The reasonable agreement between the instanton density obtained from the coupling constant α Latt (k) in table 3 with the one in table 1 implies a ratio (Γ (3) ) 2 /(Γ (2) ) 3 close to 1. Combined with Γ (2) /Γ (3) ∼ 1 presented in the preceding item ends up with an approximate justification of our hypothesis that all Γ (n) (a −1 ), n = 2, 3 ∼ 1 for all β's in the range considered here and justify our assumption:
with k min = 0.44 GeV and k max = 0.89 GeV.
Numerical results.
The numerical data that we shall exploit all over the paper result from two simulations on a 24 4 lattice with bare coupling constants given by β = 5.6 and β = 5.8, and a simulation on a 32
4 lattice for β = 5.7 13 , in the Landau gauge. We calibrate all these simulations with the ratios of lattice spacings for different β's given in ref. [13] and a
−1
Latt (β = 6.0) = 1.97 GeV (this last value was used in ref. [14] in consistency with the very precise measurement of the lattice spacing with a non-perturbatively improved action in ref. [15] ).
Coefficients in [13] are fitted for β = 6/g 2 ≥ 6. In this work, we make use of rather low values β < 6.0, in order to have larger volumes. These low values of β show for the quantity α s a good scaling with results at β ≥ 6.0, a signal that these lower β's give reasonable results. The risk with these simulations is the extrapolation needed to calibrate the lattice spacing, that might be a nonnegligible source of systematic error in our measures. We collect the results of our fits for several fixed instanton radii in tab. 1. An instanton density, although the same for both Green functions 14 , is independently fitted for each particular lattice spacing. We look thus for a remnant of a subleading dependence on the regularization parameter. The careful reader may have noticed that the relative density splitting between different β's is slightly smaller (3 % for δβ = 0.1) than the splitting between the linear fits in fig. 3 (4.5 %). This is due the factor g 2 in eq. (3) (about 1.5 %).
Crudeness of our quasi-classical approximation.
It is worth to repeat here that our fit rely on the crude approximation eq. (21) which is not valid at more than a few percents as discussed at length in subsection 4.1. This is the origin of the difference between the densities in tab. 1. This is also the reason why the minimal χ 2 /d.o.f. in table 1 is of the order of two because we force the overall factor to be the same in fits for both twoand three-point Green functions. This tells about the crudeness of completely neglecting the sub-leading contributions from quantum fluctuations and lattice truncation of the classical solutions. Much better matchings might have been obtained had we relaxed the constraint eq. (21). We refrained from doing so because it would have needed additional input about quantum fluctuations and lattice truncation of classical solutions which would have been mere guesses and wouldn't have yielded any stronger evidence.
At the present stage of the work, the best we can do is to assume eq. (21) and get what we believe to be a fairly coherent description of our whole set of lattice data. The best-fit parameterization in Tab. 1 is the best we can achieve, and it is not that bad, although we know that the density obtained there is affected roughly by a 20% of systematic uncertainty 15 .
The effect of the instanton radius dispersion
We have performed satisfactory enough and independent fits for the three different lattices from α s to the k 4 -formula, eqs. (5, 6), and obtain the estimates for the instanton density shown in the central column of Tab. 2. They differ by about 25 % from the profile dependent ones obtained from G (m) and presented in table 1. The fit of α s is done on a rather firm ground since, contrarily to the fits of G (m) , the prediction does not at all depend on the profile neither on the radius but only on eq. (6), of course on the hypothesis that the radius distribution is a delta function i.e. that all the radii are equal. α s is therefore the best quantity to estimate the corrections to this rather drastic hypothesis. If the k 4 law does not depend on the instanton profiles but only on the δ-function profile, the corrections do 16 . We will present now some preliminary estimations of these corrections using what has been learned in the preceding sections. This will allow us to estimate if these corrections are small enough to legitimate the assumption of equal radii as a first approximation. Second we can check these corrected α s against data and thus confirm or invalidate the whole approach.
We will proceed as follows. We will first estimate from a reasonable radius distribution and from profile functions already discussed the expected form of the Green functions corrected for this non-delta distribution. The α s (k) will be approximated in our fitting window by a simple ck d /n function, n being the instanton density, c and d being calculated from both the radius distribution and the instanton profile function. In a second step the same functional form ck d /n will be fitted on our lattice data. From the fit, knowing c from this theoretical work, we derive n (to be compared to previous estimates) and d which is compared to the theoretical prediction.
We first need an estimate of the radius distribution. The one-loop computation for the tunneling amplitude of classical minima in gauge theories gives the standard growth µ(ρ) ∼ ρ 6 for instanton radii distribution [2] . On the other hand, the classical interaction of instantons in the background have to introduce small-distance repulsion that strongly suppress large instantons and leads to a well-behaved partition function [5] .
Applying the Feynman variational principle, Diakonov & Petrov found indeed that this infrared growth is balanced as follows [4] :
where
The BPST profile.
The first natural approximation step is to use the profile function from the BPST solution, φ(|x|/ρ) = ρ 2 /(x 2 + ρ 2 ), and thus neglect the effect of neighbouring instanton's classical interaction. The IR behavior of gluon Green functions for this profile is:
for kρ ≪ 1 where β = 6/g 2 Latt is the lattice parameter for the bare coupling and
where γ E the Euler constant ( 0.577216...) and ψ(z) = γ ′ (z)/γ(z) the Euler's "digamma" function. The first correction to the low momentum k 4 behavior of the quantity (1), is then given by:
valid for ρ 2 k 2 << 7/2. It is more convenient for further analysis to approximate the prediction for 
Our D-P inspired profile.
We compute now the same averages with our optimal profile parameterization in eq. (11) of section 4 and obtain the low-momentum (k << α DP ) prediction for Green functions:
The result equivalent to eq. (26) for this profile, using the same fitting procedure over the same window, with a phenomenological radius ρ = ρ 2 = 1.5 GeV and α DP ρ = 0.675 from table 1, is
The parameters α DP and ρ have not been fitted here but taken from the fits in table 1 which were performed assuming the same profile but a delta radius distribution. However we have also checked that fitting the product α DP ρ with the radius distribution eq. (22) induces a negligible change of 3 %. The calculations using BPST and DP-inspired profles end-up with rather similar conclusions, eqs. (26, 28) : with respect to the fixed radius assumption, eqs. (5, 6) , the prefactor 1/18π is enlarged by around 40 %, while the exponent 4 is slightly reduced.
Lattice results
We first present in this subsection, collected in next tab. 2, the results for the density obtained, for our three lattice data set, through the fit of the MOM QCD coupling constant defined in eq. (1) Then, we include in tab. 3 the results for the best fits of the same QCD coupling constant lattice data to a power formula of the type of eq. (28) using the prefactor 1.45/(18π n) but leaving the power of k free to be fitted altogether with the density.
We use for both the same fitting window, 0.44 < k < 0.89, used in section 4 to obtain the best profile parameterization. Densities in tab. 3 are systematically larger than in tab. 2 because of the factor ≃ 1.45 in front of the power on k in eq. (28) 18 . However, all these estimates are in the right ballpark as far as different arguments [20] seem to point towards an instanton density of a few fm −4 's. Table 3 : The same that in tab. 2 but here fitting to eq. (28) except for the power on k, taken to be free. The third row shows the χ 2 /d.o.f. The fitted powers are lower than 4 but the errors show that the power 4 is not excluded by our fits.
correlation of our lattice estimates of the coupling for the different momenta, all computed from the same set of gauge field configurations 19 .
(ii) the small number of points in our fitting window (only 3 for 5.8( 24 4 )). The best-fit parameters computed lattice by lattice in tab. 3 manifest no appreciable systematic deviation 20 . A global fit for the whole set seems thus to be appropriate. The resulting power deduced from a global fit is:
which is compatible with eqs. (26, 28) , but also with a k 4 -power law. The χ 2 /d.o.f. is 0.39 for this global fit. In ref. [10] , the same global fit was performed for more lattices (we added estimates of α s over smaller volumes and larger β's: 5.7(24 4 ), 5.9(24 4 ), 6.0(24 4 ,16 4 ); these, having only one point inside the fitting window, have been discarded from the present work. The result of the latter analysis was 3.82(8) as best-fit for the power. The error was there clearly underestimated 21 but the evaluations of the coupling constant from larger β's do not practically affect the central value. This fact indicates that exploiting the small β's used in the present work does not seem to introduce any sizable bias, at least over the low-momentum region, on the determination of α s .
The fitted power being close to 4 legitimates our initial hypothesis of neglecting, in first approximation, the influence of the radius distribution on the direct description of Green functions which yielded a profile-independent determination of α s (k). Only as a second approximation, when the radius dispersion is considered, does the profile function play a role which mildly corrects the k 4 -power law and a more significant correction to the prefactors.
One comment about eq. (8) is in order to close this section. If we take in the l.h.s. the value of α DP fitted from our lattice data and in the r.h.s. our optimal 19 Still, our jackknife estimate of the statistical error is reliable because, if the global average for the different momenta are correlated the averages for different sets of gauge configurations are not. 20 As we expect once we have found the sub-leading lattice spacing dependent corrections in eq. (20) to be small. 21 We used the criterium of assuming one standard deviation as χ 2 = χ 2 min + 1, which is biased by the strong correlations between data for different momenta as just discussed.
profile function eq. (11) fitted on our lattice data, we obtain an instanton density of the order of 1 fm −4 , i.e. one order of magnitude smaller than the fits in tab. 3. What does this mean ? Our interpretation is that eqs. (7, 8) , derived from the instanton liquid model through a variational procedure, gives only a rough solution of the instanton liquid dynamics, and should be used as a semi-quantitive scheme of what is going on. In particular it should be stressed that the integral in eq. (8) is strongly dependent on the behaviour at infinity of the profile function and would even diverge for the BPST profile. This drastic sensibility of eq. (8) to the profile has to be opposed to the close similarity of eq. (26) and eq. (28) . We feel therefore much safer using the latter equations and our lattice data than using eq. (26).
Discussions and Conclusions

Comparison with the Schwinger-Dyson equations' predictions
The infrared behaviour of gluon and ghost correlation functions in Landau gauge QCD has been largely studied within the Schwinger-Dyson equations (SDE) formalism. After assuming ghost dominance, one unique exponent, κ, determines the leading long-range behavior of both gluon and ghost propagator. In particular,
where general arguments seem to establish that 0 < κ < 1 [21] . Several truncation schemes, with different degrees of sophistication, have been employed to solve SDE for gluon and ghost propagators and obtain critical exponents such as κ ≃ 0.92 [21, 22] , κ ≃ 0.77 [23] or κ = 1 [24] . The authors of ref. [8] claim that they correct previous mistakes and give a better result: κ ≃ 0.595. Moreover, κ > 1/2 is derived from the proximity of the Gribov horizon in infrared directions in ref. [26] .
In the previous section, we computed the gluon propagator in the low momentum regime, in our instanton approach, and obtain
We have already noticed, see figs. 2 and 3 that our instanton decription fails to reproduce lattice data for very low momentum and that some corrections are seen.
It is nevertheless instructive to compare the prediction for κ from our prefered purely instantonic decritpion with SD. An interesting remark is that, using the BPST profile to describe the instantons solutions of the classical background we reproduce the lower bound given by SD, κ = 0. As a matter of fact, the BPST profile decreases as x → ∞ slowlier than any other more realistic profile and generates thus a prediction for the gluon propagator with a stronger divergence as k → 0. Our DP inspired profile for background instanton solutions, eq. (11), decreasing for large distances as given by eq. (10), leads to predict κ = 1, i.e. the upper limit given by SDE, however much larger than the last SDE prediction of [8] of κ ≃ 0.595. The Gribov horizon condition is thus satisfied by DP inspired profile, although the requirement of a positive measure in the Fadeev-Popov formalism does not seem to be connected with eq. (7).
In [25] it is claimed that the infrared exponent κ is dependent on the details of the truncation, and the value κ ≃ 0.5 is chosen in view of the good agreement with lattice results. Indeed, the observation that G (2) lattice (0) is a finite non-vanishing constant if it remains valid in the infinite volume limit, favors κ = 0.5.
The comparison with the SDE prediction deserves further study. As we have already mentioned we would like to question to what extent the SDE formalism can account for semiclassical structures which are very strongly suppressed at large momenta, where the initial conditions for the SDE are tuned. This is partly accounted for by the attempts to match at large momentum the effect of the A 2 condensate via OPE 22 
Conclusions
The claim of this paper is the dominance of the quasi-classical gauge fields configurations over low energy dynamics in the pure Yang-Mills sector of QCD. We have given a reasonable framework to understand gluon two-and three-point Green functions based on QCD instantons. In a previous paper [10] , we had shown a k 4 dependence of the coupling constant in MOM scheme, which gave us a rather clean indication of the dominance of semiclassical solutions over low energy QCD dynamics, and some indication that these solutions might be instantons.
In order to go further in the understanding of this very remarkable feature, we tried here a direct description of gluon Green functions in this framework. In order to achieve this, contrarily to what happens for the MOM coupling constant, the knowledge of the instanton profile is mandatory. The single-instanton BPST profile clearly fails to describe the low momentum behavior since it predicts a divergent gluon propagator for k → 0 in full contradiction with the lattice results. This is understood as an effect of the deformation of instantons far from their centers due to the influence of other instantons. Indeed, The BPST singularity of the gluon propagator is corrected when effects of instanton interactions are taken 22 we thank Akihiro Shibata for this remark.
into account through a parameterization of the profile derived from variational methods [4] , and it leads to a successful description of the low momentum behavior of lattice two-and three-point Green functions. When we say "instanton-like structures" we also mean that we cannot at this point exclude, for example, a significant amount of merons [11, 12] which would of course modify our density estimates.
We fit our lattice data for the Green functions in an instanton liquid model (ILM), below energies of ∼ 0.9 GeV, and above ≃ 0.4 GeV. Below ≃ 0.4 GeV we have too few lattice data and furthermore the lattice computed gluon propagator gives a non null value for the k → 0 limit, contradictory to the expection of an ILM. Third quantum corrections to the semiclassical solutions should be more visible when the latter vanish. Last but not least, this region is expected to be strongly finite-volume sensitive and deserves a special study.
Our 4 . Some discrepancy between the pure YangMills condensate and the one from QCD sum rules is not unexpected: in ref. [29] (see eq. (106) it is argued that light dynamical quarks might reduce the G 2 condensate by a factor 2 to 3. Furthermore, the QCD sum rules are not so accurate neither our density estimates which, for instance, would be modified by the presence of other "instanton-like structures" or instantons deformations.
Altogether our density estimate is close to the maximum acceptable: with a density of 8 per fm 4 the average distance between two neighbouring instanton centers is of the order of 0.6 fm i.e. twice the average radius, a really dense packing.
We have discussed the effect of the instanton radius dispersion. We find a subdominant but non negligible influence of the radius dispersion on the coupling constant: We find that a coherent description of both two-and three-point Green functions only emerges when the instanton radius reaches the vicinity of 1/3 fm, that is the value derived from phenomenological arguments. Furthermore, after invoking a radius distribution obtained from DP's variational methods [4] , we correct the previously predicted k 4 -power followed by α s (k) by a slight reduction of the power (∼ k 3.83 ) and a 40 % increase of the prefactor. The fits of all our lattice data to a free-power law on k always produces a best-fit exponent lower than 4 but statistically compatible with 4 (We obtain 3.91(45) from a global fit combining all our lattice data sets). This seems to confirm the trend predicted from radius distribution, but the small number of points in the region of interest and the big errors lead to a large uncertainty that prevents us from a more conclusive statement. Once this radius dispersion is considered we get a good agreement of the density derived directly from a fit of the two-and three-point Green fucntions and a fit to α s (k).
The lattice spacings used in this study have been chosen rather large since we wished to reach low momenta with a not too large number of lattice points. It might be feared that these values are too far from the continuum limit, too much in the strong coupling regime, to be reliable. We did not see any sign of a nonsmooth dependence of any quantity on the lattice spacing. However, for safety, it is advisable (and under progress) to follow-on these studies at, say, β = 6.0 with as large a physical volume as used here. Larger statistics and larger physical volumes at a given lattice spacing are also needed.
The lattice gluon propagator at (or close to) k → 0, has also open problems, for example in relation to the Zwanziger problem [26] and critical exponent in relation to instantons. Other theoretical questions are pending such as the reason why quantum fluctuations only play a sub-leading role in this momentum range 23 . Still we believe that we have given a series of rather convincing evidences of the influence of instanton-like structures on the low energy QCD and more precisely on the low momentum behavior of gluon Green functions.
